We consider the following p-Laplacian elliptic equation on
Introduction
The interesting equation
originates from different problems in physics and mathematical physics. For p = , problem (.) is interpreted as a stationary state of the reaction-diffusion Klein-Gordon equation in chemical dynamics, and Schrödinger equations in finding certain solitary waves. In the s, people searched for the spherically symmetric solutions of the autonomous equation u = g(u) (where g : R → R is continuous and odd in u). Berestycki-Lions [, ] advocated it for the first time; they obtained the existence of infinitely many radial solutions of the autonomous equation. Then Struwe [] got similar results. Gidas et al. [] further demonstrated that any positive solution of the equation with some properties must be radial.
Then Bartsch-Willem [] found an unbounded sequence of non-radial solutions of (.) in H  (R N ) with p = , under the assumption that b and f satisfy certain growth conditions and f is odd in u.
In recent years, the existence and structure of solutions for the p-Laplacian equation has found considerable interest, and different approaches have been developed. Bartsch-Liu [] studied the p-Laplacian problem
on a bounded domain ⊂ R N with smooth boundary ∂ , provided that the nonlinearity f is superlinear and subcritical. They proved (.) has a pair of a subsolution and a supersolution. 
on a bounded domain of R N with Dirichlet boundary condition, where In the present paper, we aim to find the existence of infinitely many radial and non-radial solutions of problem (.), and extend the result of [] to the space W ,p (R N ).
A direct extension to the case p =  is faced with serious difficulties. First the energy functional associated to (.) is defined on W ,p (R N ), which is not a Hilbert space for p = .
Another difficulty is the lack of a powerful regularity theory. For the Laplace operator there exists a sequence of Banach spaces
We study the functional on a group invariant subspace
we apply the principle of symmetric criticality [, Theorem .] and the fountain theorem to obtain the existence of multiple solutions.
The main results and preliminaries
This paper is devoted to the study of infinitely many radial and non-radial solutions for a p-Laplacian equation:
is bounded from below by a positive constant a  . The growth condition of f (|x|, u) will be given in the following. The corresponding functional is
where
We require the following assumptions on the nonlinearity f : http://www.boundaryvalueproblems.com/content/2014/1/124
The main result of this paper is as follows. 
(f  ) means that the nonlinearity f is superlinear, and (f  ) means that f is subcritical. These two conditions enable us to use a variational approach for the study of (.).
Condition (f  ) corresponds to the standard superlinearity condition of AmbrosettiRabinowitz in the case p = . In the case p =  without the assumption (f  ), the above theorems may not be true. It can be seen from Pohozaev's identity for p-Laplacian equations that (.) has only a trivial solution u = .
Remark . If N =  we fail to define the action of G  in the proof of Theorem ..
We shall use the norm
Let G  = O(N) be the group of orthogonal linear transformations in R N , G  = Z  , and
Throughout this paper, we will use C and C i to represent various positive constants. Now, we recall some definitions for the action of a topological group and the fountain theorem. 
The action is isometric if gz = z . The set of invariant points is defined by 
has a convergent subsequence. 
Theorem . (Fountain theorem [, Theorem .]) The compact group G acts isometrically on the Banach space X = j∈N X j , the spaces X j are invariant and there exists a finite-dimensional space V such that for every j
In fact, for each k ≥ , if b k > a k , then there exists a critical value c k > b k .
Proof of theorems
, we define the norm
, we define the norm Proof By the definition of T  ,
is continuous.
Lemma . Suppose the nonlinearity f satisfies
and
In addition, each critical point of J is a weak solution of problem (.).
Proof By Lemma ., we only need to prove φ (u) is continuous. By Hölder inequality
follows from (f  ) and Lemma . that
Lemma . and (.), φ (u) is compact.
Lemma . ([, Lemma .])
There exist constants C  and C  , such that for all ξ , η ∈ R N ,
If p ≥ , by Lemma .,
If  < p < , by Lemma . and the Hölder inequality,
then {u n } has a subsequence which converges to a critical point of the functional J.
Proof First we show that each sequence {u n } ⊂ E G  satisfying J(u n ) → c, J (u n ) → , as n → ∞, is bounded. By (f  ) and (f  ),
where μ > p in the assumption (f  ), so {u n } is bounded in E G  . http://www.boundaryvalueproblems.com/content/2014/1/124
where a  >  is the lower bound of b(|x|).
This proves (A  ). Now we want to show that the condition (A  ) is satisfied. By integrating, we obtain from (f  ) and (f  ) that, there exist two constants C  , C  > , such that for any x ∈ R N , F(|x|, u) ≤
So there exists ρ k > r k >  such that (A  ) is satisfied.
(PS) c condition is proved above. By Theorem ., we find, for k ≥ , that
are critical values of the functional J. So we can get an unbounded sequence of solutions of (.), and the solutions are radial.
Proof of Theorem . In this proof, we will show that it suffices to find the critical points of J restricted to a subspace of invariant functions. The proof is similar to Theorem . The action of H := {id, τ  } on E G  is defined by
It is clear that  is the only radial function on the set E G  ,H := {u | u ∈ E G  , hu = u, ∀h ∈ H}.
Moreover, the embedding E G  ,H → L p (R N ) is compact. As in the proof of Theorem ., we obtain a sequence of non-radial solutions ±u k of (.).
